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Generalized barycentric coordinates

Given a polygon Q with n vertices p1,p2, ..., pn, and any x € €, find coordinates
A(z) = [M, A2, ..., Ay such that
p2 P3

n n 1,i=j
] =1

i=1 D1

< X are generalized barycentric coordinates of x w.r.t. .
Pn®=====- b5
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Generalized barycentric coordinates @ I

Given a polygon ) with n vertices p1, po, .
A(z) = [, A2, ..., A\p] such that

.., Pn, and any z € €, find coordinates

n n f2 f3
_ (Vs () = o) =g = d L =T
=3ne M@ =1 N =hu={g 1] ;
- - h
< X are generalized barycentric coordinates of x w.r.t. .
fn """ f5
Considering data f1, fo,..., fn corresponding to the vertices, we Q

can interpolate the data at any point z € Q) by

ZA 2 ZA

( Generallzed barycentr/c /nterpo/a tion)
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Generalized barycentric coordinates @ I

Given a polygon ) with n vertices p1, po, .
A(z) = [, A2, ..., A\p] such that

.., Pn, and any z € €, find coordinates

n n f2 f3
_ () () — (o) =g = L=
=3ne M@ =1 N =hu={g 1] ;
- - h
< X are generalized barycentric coordinates of x w.r.t. .
fn """ f5
Considering data f1, fo,..., fn corresponding to the vertices, we Q

can interpolate the data at any point z € Q) by

Z (@) f; Z A % When n > 3, such X\ are usually not unique.
" % Looking forward to finding X that satisfy some
( Generallzed barycentr/c /nterpo/atlon ) properties.
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Applications

vector field interpolation

VAV, .

R
VAVAVAY

™~
H

image warping

£\

finite element method

r

mesh deformation mesh parameterization mesh animation
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Transfinite barycentric coordinates @ I

Di p(t)
Polygon: {p;:i=1,...,n} Curve: {p(t): t € [a,b]}, p(a) = p(b)
generalized barycentric coordinates \;(z) transfinite barycentric kernel \(x,t)
n b
Z Xi(z)pi ==z linear reproduction / Az, t)p(t)dt =z
i=1 a
n b
Z Ai(z) =1 partition of unity / ANz, t)dt =1
i=1 @
Xi(pj) = dij Lagrange property Ap(s),t) = (s —t)
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Transfinite barycentric coordinates

Di p(t)

Polygon: {p;:i=1,...,n} Curve: {p(t): t € [a,b]}, p(a) = p(b)

generalized barycentric coordinates \;(z)

transfinite barycentric kernel \(x,t)

( n ( b )
> i) (pi — ) = [ o0 - yat =0
i=1 a
w b
M@ = @) [ 3 @) At = ulet) [ [ tos)ds
= a
N ! N J
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Discretize the continuous boundary @ I

( discretize
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Discretize the continuous boundary @ I

dense sampling

i) = pla,t)
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Related work @ I

% Wachspress kernel [Warren et al., 2007]

pt) x (1)
((p(t) — ) x p/(1))?

% Mean value kernel [Dyken and Floater, 2009]

p(x,t) =

) =) <)
M = e —alP

% Laplace kernel [Kosinka and Bartoii, 2016]

iz t) = 2P (DI (p(t) — ) x /() — [lp(t) — 2|1/ (t) x p"(t)
| ((6(6) — ) x p(1))?
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Related work @ I

% Wachspress kernel [Warren et al., 2007]  only for convex domains

p'(t) x p"(t)
((p(t) =) x /(1))
% Mean value kernel [Dyken and Floater, 2009]  can be negative
(p(t) — =) x p'(t)

lp(t) — I

% Laplace kernel [Kosinka and Bartofi, 2016]  only for convex domains

p(x,t) =

wlz,t) =

iz t) = 2P (DI (p(t) — ) x /() — [lp(t) — 2|1/ (t) x p"(t)
| ((6(6) — ) x p(1))?
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Related work @ I

% Gordon-Wixom interpolation [Gordon and Wixom, 1974]

nate0) = (10 L0y [ DY = [T

% Weighted Gordon—Wixom interpolation [Belyaev, 2006]

g(x) = /027r g1,—1(z, 0)w(x,0) d&/ /Ozww(:v, 0)do

% Positive Gordon—Wixom kernel [Manson et al., 2011]

gf'vj<w79>=<fiz%‘>+f%;”>/<;+;>

T Mo =  m -1
/2 Zzgz]wauxﬁ da//2 S wijle.0)do

i=1 j=—n i=1j=—n

/N
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Discrete max-likelihood coordinates (Chan et al., 2023 @ |

Translation Projection Smoothing step
r N NC A\
-z SO A Sl AT S2
— ~— — — — ~—
s o
M 3
Di 3 * - Di
Q 9)
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Discrete max-likelihood coordinates (Chan et al., 2023 @ |

Translation Projection Smoothing step
r N NC N\
-z SO A Sl AT S2
— ~— — — — ~—
s o
@ @ X '

\‘ . M 3

Di 3 * - Di
Q - > Q
PM+b=P
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Discrete max-likelihood coordinates [Chang et al., 2023] @ I

Smoothing step

Translation Projection
r N N N
- SO A Sl AT S2
- ~ — — — — —
\2 .
Di ‘ . "5
Q - -G
PM+b=P
MLC A =Mi/(eT™™M]) R )
) X(0) > 0 w.rt. O

Alz) >0 w.r.t. Q <
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Discrete max-likelihood coordinates [Chang et al., 2023] @ I

Smoothing step

Translation Projection
4 N N A\
- So A S1 AT So
— ~— — ~— ~— ~—
@ “ * . .
\2 L3
i ‘ ) b
Q - > Q
PM+b=P
MLC A =MX/(eTMA) R A
Alz) >0 w.r.t. Q < A(0) > 0 w.r.t.
n n n
A = arg mgxz log A; s.t. Z \ip; = 0, Z N=1
= =1 i=1
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Discrete maximum likelihood interpolation @ |
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Extension to continuous boundaries @ I
< Translate and project the boundary onto the unit circle oriented at O

A(t) = m )

( )

= [Ip(t) — =]

% Compute A(t) by maximizing the likelihood function

o = / log At)dt st /  \0)p(e) dt = 0, / "\ di =1

% Compute the barycentric kernel A(z,t) over the original boundary

Alz,t) = xt// r(z,5)
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Extension to continuous boundaries @ I

< Translate and project the boundary onto the unit circle oriented at O

o pt) -

)= "5 ) = )~
<o
0

( ) g
P\
web
% Compute A(t) by maximizing the likelihood function voc_;\’t“'e

o = /blog;\(t)w(t)dt st /bX(t)ﬁ(t)w(t)dt:o, /b)\(t)w(t)dtzl

% Compute the barycentric kernel A(z,t) over the original boundary

\ w b\ S)w(s
- M0 [
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Extension to continuous boundaries @ I
1 Problem.1: How to solve the optimization problem?

1= Problem.2: How to choose the weight function?

% Compute A(t) by maximizing the likelihood function

o = /blog;\(t)w(t)dt st /bﬁ(t)p(t)w(t)dt 0, /bj\(t)w(t)dtzl

% Compute the barycentric kernel A(z,t) over the original boundary

\ w b\ S)w(s
-t | A0,
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Solving the optimization problem
With the Lagrange multipliers method and the Euler-Lagrange equation

N 1

b
N = oy ¢0:/a w(t) dt
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Solving the optimization problem @ I
With the Lagrange multipliers method and the Euler-Lagrange equation

- 1
M = 5 T80

The ¢ can be computed by minimizing the function

,%zéhww

b
b = argmin F(9), Fww=—/1%wm+a%umuww

ped
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Solving the optimization problem @ I
With the Lagrange multipliers method and the Euler-Lagrange equation

. 1 b
A(t) = 0TI oo :/a w(t)dt

The ¢ can be computed by minimizing the function

ped

b
o= argmin F(6), F(é) = [ log(on+ oot
The domain of F'is a circle with radius ¢ centered at the origin

®={p€R*| ¢l <o}
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Solving the optimization problem @ I
With the Lagrange multipliers method and the Euler-Lagrange equation

. 1 b
A(t) = 0TI oo :/a w(t)dt

The ¢ can be computed by minimizing the function

ped

b
o =argmin F(6), F(é) = [ log(on+ oo uw(t)
The domain of F'is a circle with radius ¢ centered at the origin

®={p€R*| ¢l <o}

F(¢) : strictly convex function Newton method
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% Constant weight function @ I

we(t) =1
200 ' a(s)
100 |
0 J : - S
0 s 1 107 10 10° 10* 107 107% 107"
A(z, t) converges slowly to & function g(z) converges slowly to g(s)
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% Inverse distance weight function @ I

200 g(s)

0 s 1 107 107 10° 10" 10 1072 107!

A(z, t) converges quickly to & function g(z) converges quickly to g(s)
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% Inverse distance weight function @ I

1
wy(t) =
r(z, 1)
200 g(s)
100
0 L : : : : :
0 s 1 107 10 10° 10* 107 107% 107"
A(z, t) converges quickly to & function g(z) converges quickly to g(s)

A(z,t) is a pseudo-harmonic kernel
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% Inverse distance

weight function
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% k-th power of inverse distance weight function @ I

Qingjun Chang, Kai Hormann (USI-INF) Transfinite Barycentric Coordinates 13/18




% k-th power of inverse distance weight function @ I

1

wa(t) = r(x, t)k

=4 harmonic

Qingjun Chang, Kai Hormann (USI-INF) Transfinite Barycentric Coordinates



% k-th power of inverse distance weight function @ I

r(z, )k S8

k=2 4 harmonic

Vool

u]
8

I
i
tht
n
S
o
i)
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& Modified k-th power of inverse distance weight @ |

0 1 N /b 1 Ay
’u)w = [ — Py
r(z, )k ), r(z,s)k S

&

R =~ o,
ZL9L%

T~
7

u]
8

I
i
tht
n
S
o
i)
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& Modified k-th power of inverse distance weight @ |

1 b1
wx(t)zw+/a r(w, s)k

k=3 k=4 harmonic

T

N/

’

u]
8

I
i
tht
n
S
o
i)
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Reason for improving stability @ I?.E::}:.'-

1 —1 ’ —1

u]
8
I
i
tht
n
5
o]
p)
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Experiments - Comparison of interpolation

&
05

L. . . b
mean value kernel positive Gordon—Wixom Poisson kernel wy(t) = %4 + fa L ds

r
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Experiments - Interpolating polygonal boundary domain @ I:::r::.'-

generalized barycentric coordinates

LB
LBB.D

mean value kernel positive Gordon—-Wixom Poisson kernel
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Experiments - Comparison of image deformation

source mean value kernel  positive Gordon—Wixom Poisson kernel we(t) = 77 + /
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Conclusion @ I

< Extend maximum likelihood coordinates to arbitrary closed domains
4 Variational problem (Lagrange multipliers method; Euler-Lagrange equation)
« By introducing a weight function, we get different results

4 Constant weight function (equivalent to the discrete maximum likelihood coordinates)

(convergence slowly to the ¢ function at the boundary.)

. . . X
4 Inverse distance weight (pseudo-harmonic kernel) 00"
&
4 k-th power of inverse distance weight (unstable optimization) e%l,
N
4 Modified k-th power of inverse distance weight (stable optimization) ro_,\'"\

« Parameterization-dependent

4 The natural parameterization is good enough for most cases

4 More freedom for the users
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Running time Ii?.:?:.“

sec
10* ---0(M)
i —— ours
10
—— harmonic
10° O(MZ)
10724

10 10° 10* 10° 10° 107

Figure 7: Running time in seconds for evaluating our interpolants and the PGW interpolant based on N = 2K12 boundary
samples at 26000 domain points (left) and for computing the piecewise linear approximation of our interpolants and the
harmonic interpolant over a domain triangulation with M vertices (right).



Experiments - Construct boundary and boundary data

Using quadratic B-splines for describing both the boundary and the boundary data

< Construct boundary < Specific boundary data
nt1 n+1
p(t) =D piBi(t) F&) =" fiBi(t)
i=0 i=0
(P0 := Pn, Pnt1:=p1) (fo:= fus fas1:= f1)

Universita
della
Svizzera
italiana




s Arc length differential weight function @ I e

we () = 15, ()]

%@ arg max £[b,] :j{ log k, do

% Pz
s.t. ky do =1,

Pa

7{ ks o0 do=0.
p(t) Pa(t) b

C° continuity
(p(t) — ) x /(8)] N

wa(t) = R R = (e ) (e, 1)

u(x,t) is mean value kernel




Arc length differential weight function

identical

mean value kernel w(t) = |05 (t) ]|

wa (t) = [|7,(1)]°




How different parameterizations affect the results @ I

(a) (b) ()

Figure 12: Transfinite basis function for our kernel with wg in (20) using the natural (red) parameterization of the boundary
spline curve (a), after applying a monotonic (green) reparameterization (b), which creates a significant local maximum in the
bottom right part of the domain, and after applying the arc-length (blue) reparameterization (c), which has little effect on the
result in this example.
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